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1. Iwasawa decomposition
We review here brieﬂy how to compute the Iwasawa decomposition for matrices in 
SL(n, F) where F = R or C. For g ∈ SL(n, F), we can write
g = Q(g)R(g) (1)
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574 P. Sawyer / Linear Algebra and its Applications 493 (2016) 573–579in a unique manner where Q(g) ∈ SO(n) (if F = R) or Q(g) ∈ SU(n) (if F = C) and 
R(g) is an upper triangular matrix over F with positive diagonal entries (see [10]). If 
a(g) is the diagonal matrix whose entries are equal to those of R(g) then
g = Q(g) a(g) (a(g)−1 R(g)) = k an (2)
is the Iwasawa decomposition of g ∈ SL(n, F). Given that the Iwasawa decomposition 
is unique in SL(n, R) and in SL(n, C), we can always assume that we are working in 
SL(n, C).
Tam points out in [11] that we cannot use the QR decomposition in this manner for 
other Lie groups G = K A N (Tam discusses speciﬁcally the symplectic groups) since the 
elements Q(g), a(g) and a(g)−1 R(g) obtained in (2) may not belong to the corresponding 
subgroups K, A and N of G. Tam proposes therefore another approach for the real and 
complex symplectic groups based on the Choleski decomposition in [11] and Benzi and 
Razouk propose two further algorithms in [1].
We will show here that the QR decomposition can be employed to compute the 
Iwasawa decomposition for any classical Lie group of noncompact type using a device 
introduced in [9] for the group SO0(p, q) and used proﬁtably by Graczyk and Sawyer to 
solve another problem related to the Cartan decomposition (refer to [2] and the references 
therein for details).
2. Introducing the matrix S
We start by establishing some notation. In what follows, Er,s is a square matrix of 
appropriate size with zeros everywhere except at the position (r, s) where it is 1. We 
will also use Fr,s = Er,s − Es,r and Gr,s = Er,s + Es,r for r = s. We also deﬁne the 
matrices Zr,s =
√
2
2 (i Er,s +Er+1,s). As usual Ik is the identity matrix of size k × k and 
Jk, the exchange matrix, is the k × k matrix with ones on the anti-diagonal and zeros 
everywhere else.
Let us ﬁx one of the classical Lie groups of noncompact type which appears in the 
ﬁrst column of Table 1. The descriptions of these groups are given in [3, Chapter X]
(our approach can be adapted to the diﬀerent representations of these groups). In each 
case, G is a subgroup of SL(N, C) (of SL(N, R) if G has only real entries) for some N . 
It is also useful to note that each maximal compact subgroup K (column 2 of Table 1) 
is a subgroup of SU(N) (note, for example, that the subgroup K of SO∗(2 n) which 
is identiﬁed as U(n) in Table 1 is actually represented as the set of matrices 
[
A 0
0 A¯
]
, 
A ∈ U(n), which forms a subgroup of SU(2 n)).
The Weyl chambers a+ of the Cartan subalgebras a (column 3 of Table 1) have either 
the form {H ∈ a: h1 > h2 > · · · > hn, 
∑n
k=1 hk = 0} (for the groups SL(n, R), SL(n, C)
and SU∗(2 n)), the form {H ∈ a: h1 > h2 > · · · > hr−1 > |hr|} where r is the rank (for 
the groups SO0(p, p) and SO(2 n, C)) or the form {H ∈ a: h1 > h2 > · · · > hr > 0} for 
the others. Let a++ = {H ∈ a: h1 > h2 > · · · > hr > 0} for the groups SO0(p, p) and 
SO(2 n, C) and let a++ = a+ for the others.
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The matrix S for the classical Lie groups of noncompact type.
G K Description of H ∈ a
(hk ∈ R in all cases)
S
SL(n, R), 
n ≥ 2,
SO(n)
H = diag[h1, . . . , hn], ∑n
k=1 hk = 0
S = In
SL(n, C), 
n ≥ 2,
SU(n)
SU∗(2 n), 
n ≥ 2
Sp(n) H = diag[h1, . . . , hn,
h1, . . . , hn],∑n
k=1 hk = 0
S = [e1, en+1, e2, en+2,
. . . , en, e2 n]
SO0(p, q), 
1 ≤ p < q, 
2 ≤ p = q
SO(p) × SO(q) H =
[
0 DH 0
DH 0 0
0 0 0
]
, S =
⎡
⎣
√
2
2
Ip 0
√
2
2
Jp
√
2
2
Ip 0 −
√
2
2
Jp
0 Iq−p 0
⎤
⎦
SU(p, q), 
1 ≤ p ≤ q,
SU(p) × SU(q) DH = diag[h1, . . . , hp]
Sp(p, q), 
1 ≤ p ≤ q
Sp(p) × Sp(q) H = ∑pk=1 hk
(Gk,p+k−
Gp+q+k,2 p+q+k)
S =
∑p
k=1 (Ek,2 k + Ep+k,2 k
+ Ek,2 (p+q)+1−2 k
− Ep+k,2 (p+q)+1−2 k
+ Ep+q+k,2 k−1 − E2 p+q+k,2 k−1
+ Ep+q+k,2 (p+q)+2−2 k
+ E2 p+q+k,2 (p+q)+2−2 k)/
√
2
+
∑p+q
k=2 p+1 (Ek,k + Ep+q+k,q−p+k)
SO∗(2 n), 
n ≥ 3
U(n) H = i
∑[n/2]
k=1 hk
(F2 k−1,2 k−
Fn+2 k−1,n+2 k)
S =
∑[n/2]
k=1 (Z2 k−1,2 k−1
+ Zn+2 k−1,2 n+2−2 k + i Zn+2 k−1,2 k
+ i Z2 k−1,2 n+1−2 k)
+
∑n
k=2 [n/2]+1 (Ek,k + E2 k,k+1)
Sp(n, R), 
n ≥ 1
U(n) H =
[DH 0
0 −DH
]
, S =
[
In 0
0 Jn
]
Sp(n, C), 
n ≥ 1
Sp(n) DH = diag[h1, . . . , hp]
SO(2 n, C), 
n ≥ 3
SO(2n) H
= i
∑n
k=1 hk F2 k−1,2 k
S =
∑n
k=1 (Z2 k−1,k
+ Z2 k−1,2 n+1−k)
SO(2 n + 1, C), 
n ≥ 1
SO(2n + 1) H
= i
∑n
k=1 hk F2 k−1,2 k
S =
∑n
k=1 (Z2 k−1,k
+ Z2 k−1,2 n+2−k) + E2 n+1,n+1
Now, the elements of a form a commuting family of matrices with real eigenvalues. 
They can therefore be diagonalized by a single unitary matrix S (i.e. such that S∗ H S
is diagonal and real for every H ∈ a). The columns of S can be shuﬄed further to ensure 
that the values on the diagonal of S∗ H S are in decreasing order whenever H ∈ a++. 
We claim that for X ∈ n, the Lie algebra of N , S∗ X S is upper triangular with zero’s 
on the diagonal.
Indeed, let Xα be a root vector of g with α > 0 and select H ∈ a++. We have 
[S∗ H S, S∗ Xα S] = S∗ [H, Xα] S = S∗ α(H) Xα S = α(H) S∗ Xα S. Let us write H˜ =
S∗ H S and X = S∗ Xα S =
∑N
k=1 ak Ek,k+
∑
r<s br,s Er,s+
∑
r<s cr,s Es,r ∈ SL(N, C). 
The fact that [H˜, Er,s] = (h˜r − h˜s) Er,s and the relation [H˜, X] = α(H) X give us
N∑
k=1
ak 0 · Ek,k +
∑
r<s
br,s (h˜r − h˜s)Er,s +
∑
r<s
cr,s (h˜s − h˜r)Es,r
= α(H)
(
N∑
ak Ek,k +
∑
br,s Er,s +
∑
cr,s Es,r
)
.k=1 r<s r<s
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roots corresponding to the groups in Table 1 all have the form α(H) = hr, α(H) = 2 hr
or α(H) = hr ± hs, r < s), we conclude that ak = 0 for all k and cr,s = 0 whenever 
r < s. This proves the claim.
Since S ∈ U(N) in all cases, the group S∗ K S ⊂ SU(N) in all cases. It is also useful 
to note that for all X, S∗ eX S = eS∗ X S .
We provide an example with the space Sp(3, R) as an illustration (the computations 
are the same for Sp(3, C)).
Example 2.1. A typical element of the Cartan subalgebra a of Sp(3, R) is given by 
H = diag[h1, h2, h3, −h1, −h2, −h3] ∈ SL(2 · 3, C) with decreasing eigenvalues h1 >
h2 > h3 > −h3 > −h2 > −h1] (assuming that H ∈ a++) with respective orthonormal 
eigenvectors e1, e2, e3, e6, e5, e4; we therefore have S = [e1, e2, e3, e6, e5, e4] =
[
I3 0
0 J3
]
.
3. Computing the Iwasawa decomposition
We have laid the ground work for our main result. Theorem 3.1 alongside with Table 1
provide a uniform method of computing the Iwasawa decomposition for all classical Lie 
groups of noncompact type using the QR decomposition.
Theorem 3.1. Let G be any of the classical groups appearing in column 1 of Table 1 and let 
S be the corresponding matrix (in column 4). For g ∈ G, compute the QR decomposition 
of S∗ g S i.e. S∗ g S = Q R and let a be the diagonal matrix with the same diagonal 
entries as R. Then
g = (S QS∗) (S aS∗) (S (a−1 R)S∗) (3)
is the Iwasawa decomposition of g ∈ G.
Proof. We use the fact that the Iwasawa decomposition is unique (for the group SL(n, C)
and for the classical group G). From our discussion in the previous section, we note 
that S∗ K S is a subgroup of SU(N), that S∗ A S is made of diagonal matrices having 
determinant equal to 1 and that S∗ N S is made of upper triangular matrices with 
1’s on the diagonal. Hence, if k0 a0 n0 is the Iwasawa decomposition of S∗ g k then 
(S k0 S∗) (S a0 S∗) (S n0 S∗) is the Iwasawa decomposition of g = k a n. 
Denoting aG, respectively aSL, for the Abelian parts in the Iwasawa decomposition 
of G and SL(n, C), we observe that S∗ aG(g) S = aSL(S∗ g S). This relation is relevant 
to the asymptotic results in [4,5].
4. The matrix S and other decompositions
Our approach can be used in respect to other group decompositions.
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decomposition” of g ∈ G, g = e(g) h(g) u(g) where e, h and u are respectively elliptic, 
hyperbolic and unipotent in G and are commuting. We recall that the decomposition 
is unique in G and in SL(N, C) and we observe that S∗ e S, S∗ h S and S∗ u S are also 
respectively elliptic, hyperbolic and unipotent in SL(N, C) (this follows easily from the 
characterization of such elements as given in [7]) and are commuting (consider also [3]).
From this, we conclude that S∗ g S = (S∗ e(g) S) (S∗ h(g) S) (S∗ u(g) S), is the com-
plete multiplicative Jordan decomposition of S∗ g S ∈ SL(N, C). In other words, 
S∗ e(g) S = e(S∗ g S), S∗ h(g) S = h(S∗ g S) and S∗ u(g) S = u(S∗ g S).
The Cartan decomposition of G is another example. The Cartan involution for the 
classical Lie groups can be written as Θ(g) = (g∗)−1 in all cases; it becomes Θ(X) = −X∗
at the Lie algebra level. Note that Θ(S∗ X S) = S∗ Θ(X) S (similarly at the group level).
If g is the Lie algebra of G then the Cartan decomposition of g is given by g = k ⊕p (the 
eigenspaces of Θ for the eigenvalues 1 and −1 respectively) where k is the Lie algebra of K. 
In the case of SL(n, C), p corresponds to the hermitian matrices (note that p = Ad(K) a). 
The Cartan decomposition at the group level corresponds to the diﬀeomorphism from 
K × p onto G given by (k, X) → k eX . The Cartan decomposition being unique both 
in SL(N, C) and in G, the same reasoning as above applies: if g = k eX is the Cartan 
decomposition of g ∈ G then S∗ g S = (S∗ k S) eS∗ X S is the Cartan decomposition of 
S∗ g S ∈ SL(N, R).
Matters are more complicated when it comes to the following reﬁnement of the Cartan 
decomposition: G = K exp(a+) K. The relationship between those two “Cartan decom-
positions” is simple: if X ∈ p then X = Ad(k0) H for some k0 ∈ K (not unique in 
general) and H ∈ a+. Hence, k eX = k eAd(k0) H = (k k0) eH k−10 .
The diﬃculty with using our approach in this case is twofold. The decomposition 
g = k1 eH k2 with ki ∈ K and H ∈ a+ is not unique although H is uniquely determined 
by g. Furthermore, the map X → S∗ X S does not preserve a+ in the case of the groups 
SO0(p, p) and SO(2 n, C) where a+ has the form {H ∈ a: h1 > h2 > · · · > hr−1 > |hr|}, 
r being the rank (refer to Table 1). The singular values of S∗ g S are the e±h1 , . . . , e±hr . 
This does not allow us to determine easily the sign of hr. In the case of g =
[
A B
C D
] ∈
SO0(p, p), we can resolve this simply: detB = detC =
∏p
k=1 sinh hk (r = p) so if H ∈ a+
then hp will be of the same sign as detB = detC. Nothing as obvious is emerging in the 
case of SO(2 n, C).
These remarks are relevant in the context of the generalization of Yamamoto’s theorem 
on the eigenvalues and singular values of a matrix by Tam and Huang in [12].
5. Conclusion
The procedure to compute the Iwasawa decomposition based on our approach is the 
same for any classical Lie group except for the choice of the right matrix S as provided 
in Table 1.
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does not require computing any matrix inverse except for a diagonal matrix) comes from 
matrix multiplication by fairly sparse matrices. In the speciﬁc case of Sp(n, R), the main 
cost comes for the QR decomposition of a (2 n) ×(2 n) real matrix (at most 323 n3+O(n2)
operations). The other costs come from multiplication by a−1 (O(n2) operations) and 
by S = S∗ which involves only the permutations of entries.
Our approach can be used as well for the exceptional Lie groups such as G2. If one 
uses the representation of G2 given in [8], some special care has to be taken: the maximal 
subgroup K is not a subgroup of SO(N) for any N (the Cartan involution is given by 
X → −M XT M−1 where M = diag[1, 1, 1, 2, 1, 1, 1]). We show here how to proceed in 
this case. It should be noted that the information on G2 in [8] is mostly given in terms 
of the Lie algebra g2 and its root system.
If M0 = E1,2−E2,7+E3,6+
√
2E4,1+E5,3−E6,4+E7,5 (note that M = M0 MT0 ) then 
the map Φ: X → M−10 X M0 sends g2 into so(7, C) (or, more accurately, an isomorphic 
representation of so(7, C) as described in [3, Exercise B.6, Chapter III]). The image Φ(g2)
corresponds to the representation found in [6] and Φ sends k into so(7). The Cartan 
subalgebra a of g2 in [8] is given by the matrices of the form HA,B = diag[A, B, A −
B, 0, B−A, −B, −A], A, B ∈ R (a+ corresponds to A > B > A −B > 0). If we apply the 
reasoning of Section 2 to the matrices M−10 HA,B M0, one ﬁnds a matrix S0 which works 
for the representation from [6]. We then take S = M0 S0 = diag[1, −1, 1, 
√
2, 1, −1, 1]. For 
g ∈ G2 (representation in [8]), compute the QR decomposition of S−1 g S i.e. S−1 g S =
Q R and let a be the diagonal matrix with the same diagonal entries as R. Then
g = (S QS−1) (S aS−1) (S (a−1 R)S−1)
is the Iwasawa decomposition of g ∈ G2. Similar comments apply to the complete mul-
tiplicative Jordan decomposition and to the Cartan decomposition.
The author is thankful to the anonymous referee for his/her suggestions.
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